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The automorphism group of Poisson algebras on k [z, y]

Poisson algebras play a key role in the Hamiltonian mechanics, symplectic geometry and also are central in
the study of quantum groups. At present, Poisson algebras are investigated by the many mathematicians of
Russia, France, the USA, Brazil, Argentina, Bulgaria etc. The purpose of the present paper is to describe
the automorphism groups of polynomial algebras endowed with additional structure, namely, with Poisson
brackets. For any f € k[z,y] one can transform associative-commutative algebra k [z, y] into. a Poisson
algebra Py by defining a Poisson bracket by the rule {z,y} = f. Obviously, a structure of the automorphism
group G of Poisson algebra Py depends on the element f. A complete description of group G is given for
the polynomial f of rank less or equals to 1. In present paper all algebras are considered over any field k
of characteristic 0.
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Introduction

It is known [1-4]| that the automorphisms of polynomial algebras k[z, y] and free associative algebras k (z, y)
in two variables are products of affine automorphisms

v = (a1 + any + b1, ce@t agny + F2) , o5, B € k,

and triangular automorphisms

/w: (OZl.’L""f(y),Ole"‘BQ),O[l,OQ ek*vf(y) Ek[y]aﬂQ Gk

i.e are tame.
In work [5] is proved that the automorphisms of two-generated free Poisson algebras k {z, y} over a field k
of characteristic 0 are time. Moreover [1;.4, 5], the automorphism groups of algebras k [x,y], k (z,y), k{z,y}
are isomorphic, i.e.
Aut k[zyy 20] 2 Autk < xq, 29 > Aut k{1, 22}

The purpose of the present paper is to describe the automorphism groups of polynomial algebras endowed
with additional structure, namely, with Poisson brackets. For any f € k[z,y] one can transform associative-
commutative algebra k [z, y] into a Poisson algebra Py by defining a Poisson bracket by the rule {z,y} = f.
Obviously, a structure.of the automorphism group Gy of Poisson algebra Py depends on the element f. A
complete description of group G is given for the polynomial f of rank less or equals to 1.

In section 2 we introduce the basic definitions, examples of Poisson algebras and collect the informations
necessary for'the further work. In section 3 we study the automorphism group of Poisson algebra P.

In present paper all algebras are considered over any field k& of characteristic 0.

Poisson brackets on k [z, y]

Recall that a vector space P over a field K endowed with two bilinear operations x - y (a multiplication)
and {z,y} (a Poisson bracket) is called a Poisson algebra if P is a commutative associative algebra under x - y,
P is a Lie algebra under {z,y}, and P satisfies the following identity

{z,y -z} ={z,y} -2 +y {2}

There are two important classes of Poisson algebras.
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1. Symplectic algebras S,,. For each n the algebra S, is a polynomial algebra k[z1,y1,...,Zn, Yn), endowed
with the Poisson bracket defined by {z;,y;} = d&i;, {zi.z;} =0, {w.,y;} = 0, where §;; is the Kronecker
symbol and 1 < 14,5 < n.

2. Symmetric Poisson algebras PS(L). Let L be a Lie algebra with a linear basis ey, es,..., €k, .... Then
PS(L) is the usual polynomial algebra Kleq,es,...,ex,...] endowed with the Poisson bracket defined by
{ei,e;} = [ei, e;] for all ¢, j, where [z, y] is the multiplication of the Lie algebra L.

Let’s consider the algebra k [z, y]. Let f € k[z,y]. For any a,b € k[z,y] we put

O0a 0b  0b Oa
{a,b} = (89383/_81'83/> : (1)

Lemma 1. The bracket {-,-} sets up the structure of Poisson algebra on polynomial algebra k [x,y].
Proof. For any a,b,c € k[z,y] it’s enough to verify the Leibniz identity and Jacobi identity:

{a-b,c} ={a,c} b+ a{b,c},

Ha, b}, e} +{{b,c},a} + {{c,a},b} =0.

Initially we verify the implementation of the Leibniz identity. Using a formula (1)/we have

_(Plaboe veoan)) _((oa, b\ oeN08 g oY
fa b,c}< Ox Oy Ox Oy f= aa:bJra@x oy Oz 8yb+a8y =

da Oc 0b 0c  Oc Oa dc Ob

N <8m8y +a(%c(?y Jzr Oy a%%)f
0a Oc  Oc Oa 0b 0c  Oc 0b
=== _ 222 #p — o B 2 b b,c}.
<8x8y 83:83/) Jbta (8338;1/ (%Jt?y) f=Aa.ctb+afbch
Now we verify the implementation of the Jacobi/identity. If a € k then the equation is obvious. If a = =
then using a formula (1) we get

(ot {0k ab + (e 800 S G b+ { (S5 - G ) Fo) -
At g Maar - {ame e
(o T 2 () {22 (50
(TS 05 - (3)8) - 2ar- 28 ()

L0, Of b0, 00, 00§ 0. 0% dc ,
~ 0z0y Oy dx Oy Oy Oz 0y? dzx dy Jy dxdy Oy

P, fde,  Pbde , 9 Pc ,  bIf de

_0b0c ., OLOJOC 2, 9b 2, 0bOJoOC .,
8m8y2f 8x8y8yf+8y2 Bmf +8y8x8yf +8y8y8mf

0%c Ob 5 Of Oc Ob 0%¢ Ob 5 Of Oc Ob B
“owoyay’ ocoyoy’ o on’ Toyogor

Suppose that deg (a) > 2. Then can be considered that a = a' - z, deg (a,) < deg (a). We have
{{a/ ~:E,b} 70} + {{b,c},a/ x} + {{07(1/ w} 7b} = {{a/,b}x—i—a/ {:U,b},c} +
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+{{b,c},a'}x+a'{{b,c},x}+{{c,a'}x+a'{c,x},b}={{a',b}x,c}+

+{d (w0 e} +{bet.a' fora ({hch o+ {{ea oo} + {a {e.n} b} =
={{a o} che+ {a' b fm et + {o e} {o.b) + 0 (b} e+ {{b, e} o fot
o {{b.crat+ {{ed b ooba+ {ea P b+ {0} {en}+a {{e ) b} =

= ({oopep+{aa e {{edfoo})or
+d ({{z, b}, e} + {{b,c}, 2} + {{c,2},b}) = 0. O

Poisson algebra on k [z, y] given by the Poisson bracket (1) we denote by Py. Note that
{z,y} = 1. (2)
The automorphism group

The element g of polynomial algebra k [z1, 2, ...
if the next two conditions are implemented:

1) there exists the automorphism ¢ of the algebra k [z1, 22, ..., ] such that @ (g) € k [x1, z2, ...

2) v (g) ¢ k[x1,2,...,2,—1] not for any automorphism ¢ of the algebra k[x;, xa, ..., T,].

The rank of the element g we denote by rank (g). If f € k [z, y] then rank ( f) might receive the values 0, 1,
2. The rank of the algebra Py is called the number rank (f).

Note that rank (f) = 0 if and only if f € k. 2 cases are possible:

1) f=0;2) f#0.

If f =0 then Poisson bracket is zero. Therefore

, %] has the rank r (see the definition, for example in [6])

7557‘]5

Aut Py &2 Autyk [z,9] .
If 0 # f = a € k then having exchanged thewvariables-@ = o'z, y =y can be considered that
{(E, y} =1,

i.e. P, 2 P;. Note that P; is symplectic algebra, i.e. isomorphic to the algebra S;.
If ¢ — automorphism of algebra & [z;y] then

{e@), W)} =J(p) {z,y},

where
8<g(r) Gg(z)
J(@) =1 oply) ooly)
ox Jy
— Jacobian ¢.
Therefore ¢ € Auty Py if and only if
J(p)=1.

Thus Auty Py consists subgroup Autik [x,y] with Jacobian 1. It is known [7] that such group isomorphic to
the automorphism group of Weyl algebra Wi, i.e.

AutkPl = Autkwl.
Recall that Weyl algebra W is associative algebra (with unit 1) with generators x,y and defining relation
[z,y] = 1.

Suppose that rank (f) = 1. Then, by the rank definition, there exists the automorphism ¢ of the algebra
K [x,y] such that ¢ (f) = g (x) ¢ k. Let’s denote x = ! (z), y = ¢! (y). Therefore

{e =707 @t = @) =1 g@) =79 (¢~ (@) =79 (« ) =9 (<)
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/

Thus {x/,y/} =g (a:/) . Having exchanged the variables z = z, y =y,
{z.y}==[(x) ¢k

Further we fix the polynomial f € k [z], n = deg (f) > 1.

Lemma 2. The map

r—ar+p

g .
Wy oy

can be considered that

is automorphism of the algebra Py if and only if the next conditions are implemented:

) ack*, y=a1
2) the set of roots of the polynomial f () is invariant concerning the affine map

z—f

Pz ——
Pa,p o

of the space k, where k — algebraic closure of the field k.

Proof. The map 0, g, sets up the automorphism of algebra Py if and only if 0, g, is the automorphism of

polynomial algebra k [z, y] and o4 g, retains the unique relation (2), i.e.

{008 (@),00,8 ()} =0a~ (e
Thus the map 0,5~ is the automorphism if and only if o,y € k* and
avf(z) = f(az+B).

Let
f (LL') =ap+ a1+ ...+ anmna an 7& 0.

Using the ratio (3) we get

ay(ap + a1z + ... + apz™) = ag+ a1 (@x + B) + ... + a, (ax + B)".

Comparing the leading coefficients, from here we get ava,, = a,a”, i.e. vy = " L.
Let

f@)=Eap(z—ar) (@ —a2) .- (z—an),

where a1, as, ..., , € k — the roots of polynomial f (z).
Then from the equation (3) follows that

and”" (x —oq)(x —ag) - .- (x —ay) =
=ap(az+f—a)(ax+B—az) .- (ax+ 5 —ay) =

- n( all?)( azﬂ) < oanﬂ)
=a,a | x — ——— r———|-...-|x— .
o o a

Therefore the affine map

z—p
Pa,p P 2 T
of the space k leaves the set of roots of the polynomial f (z) is invariant. OJ

Corollary 1. If the map 04,5, from the formulation of Lemma 2 is the automo
then Byy are uniquely determined by « € k*.

rphism of the algebra Py

Proof. Lemma 2 gives v = o"~!. Comparing the coefficients at 2”1 from the equation (3) we get

a1 =" an_1 +na"" Bay,,

i.e.
5= (a—l)an,l. 0

nay,

120 Becrnuk Kaparanmuickoro yHuBepcuTeTa



The automorphism group...

Since the automorphism o, 5, from Lemma 2 is uniquely determined by a then this automorphism further
we denote by o,. By H we denote a subgroup of the group G, which consists all automorphisms o, where
o€ k.

Lemma 3.

a) If the polynomial f (x) has at least two different roots then the group H is finite.

b) If the polynomial f (x) has a unique root then H = k*.

Proof. By Lemma 2 the mapping ¢, g commutes the roots of polynomial f (z). Since f (z) has no more than
n different roots then there exists m such that m < n and ¢’ ; leaves all roots of polynomial f (z) immobile.
Direct calculations give

z—B(l+a+..+am )
a™ '

<PZL,5 (2) =

If the polynomial f (z) has at least two different roots then from here follows ¢ g = id. Therefore a™.= 1.
Thus « might receive a finite set of values, i.e. the group H is finite.
Suppose that the polynomial f (z) has a unique root a;. Then

f(@)=a,(z—a)"

By Viete formula we have
Ap—1
27

noy = —

Since the field k£ has a characteristic 0 then we get a; € k.
Show that
ack*—o,€H

is isomorphism. It is sufficient to show that the equality o, =040,/ is implemented. Considering Corollary 1

we have
’
, (aa 3 1) @p—1

nay,
’ (O/ - 1) Ap—1 ’ @ (al - 1) Gn—1 a—1)a
040, (x) =04 |z + =aax+ ( ) -1 =
na, nan, nan,
, (aa/ — 1) Ap—1
= oo T+ s
na,
ie. o, () =040, (z). Also
T o (y) — ( ,)n—l y = an—la/n—1y7

ie. o, (y) = cagnn(y)oO
Let’s consider the map

T =T
y—=y+h(z), hiz)e€klx].

The map 7 is the automorphism of algebra Py, since 7 retains the unique relation (2), i.e.
{r(@), 7y} =7(f).

We have
{r.y+h(@)}=f(z),

{Qf,y} = f(m)

By T we denote a subgroup of the group G, which consists all automorphisms 7.
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Theorem 1. The automorphism group Gy of Poisson algebra Py, where f = f(x) — a polynomial of rank 1,
1s a semi-direct product of H and T, i.e.

Gy~ HAKT.

Proof. Initially we show that the group G is generated by automorphisms o, € H and 7 € T'. Let’s consider
«commutator» ideal C' (Py) of algebra Ps. Note that C' (P¢) = f () - Py. The ideal C' (Py) is characteristic, i.e.
is invariant concerning all endomorphisms. Therefore for any ¢ € G ¢ we have

o (f(x)=f(2)-bz,y), o' (f(2) = f(z) c(z,y).
Then

=f(z)-clz,y) o " (b(z,y)).
From here ¢ (2,y) - o= (b(2,9)) = 1, i.e. ¢ (2,y),b(x,y) € k*. Therefore
e (f(@)=Af(z), Aek™
Thus f (¢ (z)) = Af (z). From here we get deg((z)) = 1, i.e.
o(@)=az+B, ack’, Bek

Let
)= ygi(x)=g0(@) +) vgi(x).

i>0 i>1

Using the ratio {¢ (),¢ (y)} = ¢ (f (x)) = f (¢ (¥)) we get

az+ 8,90 (x) + Y _y'gi (z) p =¥ 0@y} gi (v) = [ (ax + B).

i>1 i>1

We have ' 4
{9} =if (2)y' ™"
Therefore

Ziaf @)y " 'gi(x) = f(az+B),

i>1

ie.iaf (x)gi(x) =0ati>land af(z)g: (z) = f (ax + 5).
From here we get g; (z) = 0.atw.> 1. Therefore

¢ (y) = g0 (=) + 7y,
where v = g1 (z).€ k*. Thus'we have

r— ax+f
y—yy+g(x), gx)eklz].

From here it .is easy to derive that ¢ is represented in the form ¢ = 0,7, where 0, € H and 7 € T'.
Now for any 0, € Gy and 7 € T we have

0'@7'0';1 () = oaT (x — ﬂ) = 0q (a:—ﬁ) =z eT,;
o o

Gatot (y) = OuT <:) - (fi +h (m)) —y+h (z) €Ty

i.e. T' — a normal subgroup of the group Gy.
Obviously H NT = id. Thus G is a semi-direct product of the groups H and 7. [
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[\V]

Y.Typricoekosa, . A3nesa

k[x,y] xkenmyesiktep angrebpacbingarst [Iyaccon
ajredpaJiapbIHBIH aBTOMOPMU3M/IEP TOOBI

IIyaccon anrebpasnapsl [aMUIBTOH MEXaHUKACHIHIA, CAMILTEKTUKAJIBIK, TEOMETPHUSIIA, COHBIMEH KATAP KBAHT-
TBIK, TOIITAP/IbI 3ePTTEYIEe MAHBI3IbI POl aTKapaabl. Kazipri yakerrra [lyaccon anrebpamapoia Peceit, @pan-
uwmst, AKIII, Bpasunus, Aprearuna, Bosrapus »koHe Tarel 6acKa eJIep/IiH KOITereH MaTeMaTUuKTepi 3epT-
reyse. MakasaHblH, MakCaThl KOCBIMIIA KyPBLUIBIM/IBEI, AFHU [lyaccoH kakmacel Gepliren k[z,y] xemmy-
mesikTep anrebpaceiny apromopdusMmaepi TobwH, 3epTTey. 6ot Tabbuiaaer. Kes kearen f € k [z, y| ymin
k [z, y] acconmarupri-KOMMyTaTUBTI aarebpachit, {,y} = f epexeci apkpuibl [[yaccoH »KAKIIACHIH AHBIK-
tait oreipei, Py Ilyaccon asnrebpachiHa aitHasipipyra 6omanpl. Py Ilyaccon anrebpaceiabiy Gy aBTOMOp-
dusmMaepi TOOBIHBIH, KYPBIIBIMBIH f-Ke ToyesAimrin 3eprreiiMi3. G5 TOOBIHBIH TOJIBIK CAIATTAMACHI PAHTI
1-men kimi Hemece TeH, f KONMYIIENITE VITiH KeITiplireH. Byt xKyMbicTa 6apJiblK aaredbpaap CUIaTTay IIbI-
cbl 0 6OJIATHIH Ke3 KeJireH k epiciHjie KapacThIPBLIIbL.

Kiam cesdep: 1lyaccon anredpasapbl, KOIMYIIETKTED aarebpagapbl, aBTOMOPOUIMIED, KOCBIMINA KYPbI-
JIBIM.

Y. Typycoekona, I'.Azuena

Ipynmna aBromopdusmos anaredpsr Ilyaccona Ha k|x, y|

Aurebpnr Ilyaccona mrpaior KJIIOYEBYIO POJIb B TaMUJIBTOHOBOW MEXAHUKE, CUMILIEKTUYIECKON reOMeTpUn
U TaKXKe sIBJISIIOTCS [EHTPAJbHBIMU B M3yYeHUM KBAHTOBBIX Irpynn. B Hacrosiee Bpemsi anrebpsr Ilyac-
COHa UCCJEAYIOTCs MHOrUMEU MartemaTukamu Poccun, @pannuu, CIITA, Bpasunuu, Aprenrunsl, Boarapun
u 1.7. llenpio HacTosmer pabOThI SBJISIETCS WCCJIEIOBAHNE TPYIIIBI ABTOMODPMU3MOB aarebpbl MHOTOUIIE-
HOB k[x,y] ¢ ZONOIHATENBHON CTPYKTYPOii, co ckobkoii Ilyaccona. Jdns moboro f € k [x,y] acconnaTuBHO-
KOMMYTaTHBHYIO ajirebpy k [z, y] MoxkHO npespaTtuts B anrebpy Ilyaccona Py, onpegedsist ckoOky Ilyaccona
npasusioM {z,y} = f. Mbl usyunsu crpoenue rpymnst asromopdusmos Gy anrebpst Ilyaccona Py B 3aBu-
cumoctu ot f. ITosHoe ommcanne rpynnsl Gy IPUBENEHO JJIsi MHOTOYJIeHa f paHra MeHbIe MU PaBHO 1.
Bce asrebpnr B ranHoil paboTe pacCMOTPEHBI HaJ[ IIPOM3BOJIbHBIM IoJieM k xapakrepuctuku 0.

Kmouesvie caosa: amrebpsr [lyaccona, aarebpbl MHOTOUIEHOB, aBTOMOP(MU3MBI, TOMOJHUTEIbHAST CTPYK-
Typa.
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